This paper is concerned with the robust fault detection (FD) problem for a class of polytopic uncertain linear systems driven by a Wiener process. It is assumed that the state matrix is affinely depending on unknown but bounded time-varying parameters. A switching mechanism is introduced to construct the robust FD filter with variable gains and to improve the FD performances which are inherent in the traditional FD filter with fixed gains. Finally, the filter design problem is formulated as a feasibility problem in terms of solving linear matrix inequalities (LMIs), and an example is presented to illustrate the proposed methodology.
Introduction
In many practical applications, modelling errors and system uncertainties in plant models are inevitable. Thus, robust fault detection, as part of the techniques for system supervision, has attracted considerable attention in the control systems literature, e.g. Gertler (1998) , Jiang, Staroswiecki, and Cocquempot (2004) , Khosrowjerdi, Nikoukhah, and Safari-Shad (2004) , Duan and Wu (2006) and Ding (2008) .
Norm-bounded uncertainty is a particular uncertainty representation where the mathematical model of the uncertain system explicitly exhibits a nominal model located at the centre of the hyper ellipsoid of uncertainty in the parameter space. Although some robust fault detection approaches have been designed for such uncertain systems, e.g. Zhong, Ding, Lam, and Wang (2003) , Nguang, Shi, and Ding (2007) , Zhao, Lam, and Gao (2009) and Nobrega, Abdalla, and Grigoriadis (2008) , the normbounded uncertainty assumption is somewhat conservative in many applications.
Another uncertain representation is convex polytopictype uncertainty, which represents an uncertain domain more precisely than the norm-bounded uncertainty (Geromel 1999) . In Franze (2005, 2008) , the optimal H ∞ filter theory is exploited for the design of robust fault detection and isolation units for linear systems with polytopic-type uncertainty. In Wang, Hua, and Yang (2010) , the FD filter design in finite frequency domain is investigated for polytopic linear systems. It should be pointed out that only constant polytopic linear systems are considered in these results. * Corresponding author. Email: shenzhe_neu@126.com Linear parameter-varying (LPV) systems are an important class of systems from the theoretical and practical point of view, and there has been much progress in the field of robust fault detection of LPV systems. For example, by using generalised KYP lemma, Wang and Yang (2009) investigates the simultaneous fault detection and control problem in finite frequency domain for LPV systems; in Zolghadri, Henry, and Grenaille (2008) and Wei and Verhaegen (2008) , the mixed H − /H ∞ FD approaches are developed for LPV systems; based on geometric approach, the FD problem for LPV systems is considered in Bokor and Balas (2004) ; a fault detection and isolation gain scheduled filter design approach for LPV systems is presented in Abdalla, Nobrega, and Grigoriadis (2001) ; in Hamdi, Rodrigues, Mechmeche, Theilliol, and Braiek (2009) , the design of a polytopic unknown input observer for polytopic LPV descriptor systems is investigated; the fault detection and isolation problem for affine LPV systems is studied in Armeni, Casavola, and Mosca (2009) . Note that, the time-varying parameters in the above-mentioned results are assumed to be known a priori. Those parameters are then fed to the gain-scheduled fault detection filter as scheduled variables to achieve the desired fault detection performances. If those scheduled parameters are unknown, the previously mentioned methods are not applicable. To the best of our knowledge, robust fault detection for polytopic uncertain linear systems with unknown but bounded time-varying parameters has not been fully addressed in the literature and will be one of the subjects of this paper.
On the other hand, due to a great many of applications in the real world, stochastic Itô systems driven by a Wiener process have been extensively investigated in the FD literature, e.g. H ∞ fault estimation approach has been provided for stochastic fuzzy systems (Wu and Ho 2009) ; especially, the multi-model based FD approach has also been given in Li and Yang (2012a,b) for linear stochastic systems. In addition, the H ∞ filter design schemes given in Xu and Chen (2002) , Zhang, Chen, and Tsng (2005) and Wang, Yang, Ho, and Liu (2006) for stochastic systems may be extended to address the FD problems. However, the parameter uncertainties have not been considered in these results. As a result, FD approaches for stochastic Itô systems are in need for further development.
This paper is concerned with the robust fault detection problem for a class of polytopic uncertain linear systems driven by a Wiener process. It is assumed that the state matrix is affinely depending on unknown but bounded timevarying parameters. A novel switching technique based FD filter design method is proposed to reduce the conservatism inherent in the traditional robust FD filter without switching mechanism. The designed FD filter gains are switched between a number of fixed gains, which depend on the bounds of uncertain parameters. A systematic procedure is proposed for designing the robust FD filter and the corresponding filter design conditions are given in terms of LMIs. It should be pointed out that the proposed robust FD technique is new even without considering the stochastic Wiener process. This paper is organised as follows: in Section 2, the design objectives and preliminary results are presented. In Section 3, we address the fault detection filter design problem and provide a sufficient feasibility condition for the existence of the filter parameter solutions. Section 4 illustrates the results of the paper through a numerical example.
The following notations are used throughout this paper. The superscript T stands for matrix transposition; R n denotes the n-dimensional Euclidean space; I represents the identity matrix; ( , F, P) is a probability space with the sample space, F the σ -algebra of subsets of the sample space, and P the probability measure. E{·} denotes the expectation operator with respect to probability measure P. The sum of a square matrix A and its transposition A T is denoted by H e(A) := A + A T . In block symmetric matrices or long matrix expressions, we use a star ( * ) to represent a term that is induced by symmetry. L 2 denotes the Hilbert space of square integrable functions with the following norm :
Problem statement and preliminaries

System model
The following linear uncertain stochastic system is considered in this paper
where x(t) ∈ R n is the state-space vector and y(t) ∈ R p is the measurement output. f (t) ∈ R l is the possible actuator or sensor fault. v(t) ∈ L 2 [0, ∞] denotes the external disturbance, ω(t) is one-dimension Brownian motion defined on the probability space ( , F, P) 
are the unknown time-varying uncertainties, which satisfy δ i ≥ δ i ≥ δ i . Here δ i and δ i are known upper and lower bounds of δ i (t), respectively. Without loss of generality, suppose that p < n and C is full row of rank, that is, rank(C) = p. Then there exists a matrix T c such that
Remark 1: For simplicity, we only consider the case that the system matrix is uncertain. It should be pointed out that the proposed FD method is also valid for the case that B 1 , B 2 and B 3 are all uncertain, that is,
Fault detection filter
In this paper, we aim at designing a fault detection filter with time-varying gains
where A f (δ(t)), B f (δ(t)), C f (δ(t)) have the following forms:
andδ i (t) (i = 1, 2, . . . m) are to be determined according to the introduced switching mechanism.
. . m) are fixed parameter matrices to be designed, r(t) is the desired residual signal.
and e(t) = r(t) − f (t), combining Equations (1) and (3) 
Remark 2: From Equation (3), it is easy to see that the traditional robust fault detection filter is a special case of the proposed switching-type filter (3) with
m).
Before presenting the FD scheme of this paper, the following definition for stochastic system (5) is necessary.
Definition 1:
In the absence of f (t) and v(t), the equilibriumx * = 0 of stochastic system (5) is mean-square asymptotically stable if the solutionx(t) satisfies
where |x(t)| 2 =x(t) Tx (t).
System (3) generates a residual r(t) which should robustly track the fault signal f (t), and system (5) presents the difference between the residual r(t) and fault signal f (t). By minimizing the difference, the effect of the disturbance on residual can be minimised and the sensitivity of residual to fault can be maximised. Therefore, the problem to be addressed in this paper is expressed as follows:
Problem. Consider the stochastic uncertain system (1), and suppose that the bounds of the uncertain parameters are known. Given a scalar β > 0, design a fault detection filter with varying gains in the form of Equation (3) such that (1) the system (5) is stochastically asymptotically stable and (2) under zero initial conditions, the residual error e(t) satisfies
where
Fault detection filter design condition
The fault detection filter design problem is considered in this section which is arranged as follows. Some useful lemmas are introduced in Section 3.1. A switching mechanism and an inequality condition for performance index (8) are formulated in Section 3.2, two algorithms are given in Section 3.3. The threshold computation is provided in Section 3.4.
Useful lemmas
The following lemmas are essential for the main theorem of this section.
Lemma 1: Mao and Yuan (2006) : Let x(t) be an ndimensional Itô process on t > 0 with the stochastic differential:
) is a real-valued Itô process with its stochastic differential given by
where C 2,1 denotes the family of all real-valued functions
Lemma 2: Consider the system described by Equation (5), and let β > 0 be a given constant. Then the following two statements are equivalent:
(1) There exist a symmetric matrix X > 0 and a robust filter described by (3) such that 
with
Proof: Define X = X 11 X 12 * X 22
. Invoking a small perturbation if necessary, one can assume that X 12 and X 22 are non-singular (Tuan, Apkarian, and Nguyen 2001) . Then we have
Performing in Equation (12) the congruence transformation diag{F, I, I }, Equation (13) will be equivalent to Equation (12) with
Remark 3: From Lemma 2, it can be concluded that the special structure of matrix variable X a does not introduce any conservatism to design switching-type robust fault detection filter in Equation (3). The importance of this fact is that either the filter gains given in Equation (4) or the ones given in Equation (15) are a fault detection filter state-space realisation. Therefore, we can use the special structure of X a to design FD filter.
LMI formulation
In this subsection, based on Lemmas 1 and 2, a sufficient condition with switching mechanism for performance index (8) is developed. 
Theorem 1: For a given constant β > 0, consider the system (1) with switching fault detection filter (3), if there exist matrices
and alsoδ i (t) is determined according to switching laŵ
Then for all δ i (t) ∈ [δ i , δ i ], the system (5) is stochastic asymptotically stable and the performance index (8) is satisfied.
Proof: We choose the following Lyapunov function for stochastic system (5):
By Itô formula in Lemma 1, we get
To establish the robust performance (8) under zero initial condition, we introduce the index
where t > 0. Our goal is to prove that J (t) < 0. By the property of Itô integral, integrating both sides of Equation (22) form 0 to t and taking expectation result in
With the zero initial condition and EV (η(t), t) ≥ 0, it can be seen that for any non-zero d(t) and t > 0, we have
In order to show that J (t) < 0, we just need to guarantee
In fact,
By Lemma 2 and Remark 3, we can let P be of the following form:
with 0 < N < Y , which implies P > 0. Then,
On the other hand,
which follows 
Then it can be seen that Equation (25) is equivalent to
. Now, considering the equivalence between Equations (25) and (34), we should prove that the LMI condition (18) and switch law (19) can guarantee inequality (34).
Let NA f i , NB f i be new variablesĀ i andB i , then it is easy to see that if for all δ i (t) ∈ i ,δ i (t) ∈ˆ i Equation (18) holds, the first part of the left-hand side of Equation (34) will be negative, that is,
Together with the switching laws given in Equation (19), we can obtain that the second part of the left-hand side of Equation (34) is also negative, that is,
So LMI condition (18) and switch law (19) can guarantee inequality (34), and then it can be further obtained, for any t > 0,
Also, it is easy to verify that Equation (18) is a sufficient condition for PÃ +Ã T P +B T 3 PB 3 < 0, which implies LV (x(t), t)dt < 0 with d(t) = 0. Via Definition 1 and Khasminskii (1980) , the system (5) is stochastic asymptotically stable.
Remark 4:
The condition in Equation (18) is linearly dependent on δ i (t). So from Lemma 3.1 in Gahinet, Nemirovski, Laub, and Chilali (1995) , Equation (18) holds for all δ i (t) ∈ [δ i , δ i ] andδ i (t) ∈ˆ i is equivalent to that Equation (18) holds for all δ i (t) ∈ i ,δ i (t) ∈ˆ i . In this case, the condition (18) 
Algorithms
Based on the Theorem 1 and Corollary 1, the following algorithms are proposed to optimise the stochastic H ∞ performance β of the residual error of system (5).
Algorithm 1: Let β denote the stochastic H ∞ performance bound, a feasible solution to the switching-type fault detection filter (3) 
Then, the fault detection filter parameters are
m).
By Corollary 
Threshold computation
In this section, the threshold for detecting actuator or sensor faults is designed and the detection logic unit is based on the results proposed by Gertler (1998) .
Let the root mean-square value which means the average energy of residual signal over a time interval (t 0 , t)
be a residual evaluation function, where t 0 denotes the initial evaluation time instant and t stands for the evaluation time. Let
be the threshold. Based on this, the occurrence of a fault can be detected by comparing J r (t) and J th according to the following test:
Example
In this section, we will demonstrate the effectiveness of our method through the following example. Consider the linear stochastic system (1) with a timevarying uncertainty satisfying
It can be seen that the system (1) is affected by an unknown time-varying parameter, as a result the existing FD approaches in Bokor and Balas (2004) , Wei and Verhaegen (2008) , Zolghadri et al. (2008) , Armeni et al. (2009) and Wang and Yang (2009) cannot be used in this case. On the other hand, by Algorithms 1 and 2, the stochastic H ∞ performance index is 0.8364 with the switch-type fault detection filter, while that of traditional fault detection filter is 1.271.
In order to show the effectiveness of the proposed FD scheme, some simulation results are given below. Assume that the initial condition of the plant is x(0) = 0. The disturbance signal is shown in Figure 1 and δ(t) is assumed to be 0.3 sin(t). The simulation of standard Brownian motion can be found in Wu and Ho (2009) . Suppose that the fault signal is f (t) = 0, 0 < t < 10 2, 10 ≤ t ≤ 30 .
The generated residual and residual evaluation functions are shown in Figures 2 and 3 . Note that, the fault happens at 10 s and it is promptly detected by the proposed switching-type FD filter, while there is a detection delay in the traditional FD methods without introducing switching mechanism. As the magnitude of f (t) is large enough, the detection delay is about 3 s and it is acceptable in practice. However, if the magnitude of fault becomes much smaller, then the existing methods may lead to a long detection time or even fail to work. In Figures 4 and 5, the following fault is considered: f 1 (t) = 0, 0 < t < 10 0.5, 10 ≤ t ≤ 30 .
From Figures 4 and 5, it is clearly shown that our scheme is still valid for the fault f 1 (t), however, the traditional FD methods cannot detect it, and this comparison illustrates that the proposed switching technique based FD approach can achieve a better FD performance. Finally, it should be pointed out that the computational burdens for implementing Algorithm 1 are much heavier than that of Algorithm 2. In fact, the number of LMIs is 2 2m for switch-type fault detection filter, while the one for traditional fault detection filter is 2 m . Therefore, in terms of design, there should be a trade-off between the improvements of the fault detection performance and the computational burdens.
Conclusions
This paper addressed the robust FD problem for a class of polytopic uncertain linear stochastic systems with the statespace model matrix depending on unknown but bounded time-varying parameters. A switching technique based robust fault detection filter design method has been developed to improve the fault detection performance inherent in the traditional fault detection filter with fixed gains. A convex filter design scheme was formulated and the effectiveness of the proposed fault detection method has been illustrated through a detailed example. Finally, it should be pointed out that the proposed robust FD technique is new even without considering the stochastic uncertainty.
